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1. Introduction 

Singular curves over finite fields arise naturally in many mathematics 
problems. An example comes from coding theory with the geometric con¬ 
structions of error correcting codes defined by the evaluation of points on 
algebraic varieties (see m)- The study of hyperplane sections or more gen¬ 
erally of sections of algebraic varieties is needed to find the fundamental 
parameters of these codes, and we often meet with singular varieties. An¬ 
other example arises from the theory of Boolean functions for which we have 
a geometric characterization of the Almost Perfect Nonlinear property by 
determining whether the rational points on a certain algebraic set (which is a 
singular curve or a singular surface) are included in the union of hyperplanes 
(see [4]). 

Throughout the paper, the word curve will always stand for an absolutely 
irreducible projective algebraic curve. 

The zeta function of a singular curve defined over the finite field with 
q elements has been studied in [2] and [3]. In particular, in [2] it is proved 
that, if A is a curve defined over F^ of geometric genus g and arithmetic 
genus TT, then the number of rational points on X satisfies: 

^X{¥q) <q + l + gm + TT - g, (A) 

where m = [2y^] is the integer part of 2y/q. A curve attaining the bound 
(A) will be called maximal. 
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Fukasawa, Homma and Kim in [5] proved that this bonnd is reached in 

2 _„ 

the case where g = 0 and vr = 2 ^ exhibiting a rational plane curve B 

2 

of degree g + 1 with q + 1 + rational points. 

The purpose of this paper is to study, in the general case, what is the 
maximum number of rational points on a singular curve. In order to do 
this, for q a power of a prime, g and tt non negative integers such that 
"T > 5 , we introduce the quantity Nq{g,TT) defined as the maximum number 
of rational points over ¥q on a curve defined over Fg of geometric genus g 
and arithmetic genus tt. We recall that Nq{g) is the usual notation for the 
maximum number of rational points over Fg on a smooth curve defined over 
Fg of genus g. It follows from [2] that: 

Nq{g,7i:) < Nq{g)+7: - g. {B) 

A curve defined over Fg of geometric genus g and arithmetic genus vr with 
Nq(g) + TT — g rational points will be called 5-optimal. 

Following the ideas of Rosenlicht in [ 8 ] and Serre in Chap. IV of [9], we 
give in Theorem 18.41 a construction of singular curves defined over Fg with 
prescribed rational singularities which enables us to control the arithmetic 
genus. 

Then we use this construction to prove (Theorem 14.2p that, if X is a 
smooth curve of genus g defined over Fg and if vr is an integer of the form 

vr = 5 + 02 + 203 + 304 H- + {n - l)an 

with 0 < Oj < Bi{X), where Bi{X) is the number of closed points of degree 
i on the curve X, then there exists a curve X' over Fg of arithmetic genus 
vr such that X is the normalization of X' and 

ttX'(Fg) = ijX(Fg) + O2 + O3 + O4 + • • • + On- 

This allows us to show (Theorem 15.8h : 

Nq{g,TT) = Nq{g) + TT - g 

if and only if <7 < vr < g + B 2 {Xq{g)), where B 2 {Xq{g)) denotes the maximum 
number of points of degree 2 on a smooth curve having Nq{g) rational points 

over Fg. In particular, for g = 0, it implies that the bound (A) is reached if 

2 _ 

and only if 0 < vr < , showing that the curve R in [5] is a very particular 

case of Theorem 15.31 

Furthermore, we obtain in Corollary 15.51 an explicit characterization of 
5-optimal curves with g = 1. 

Finally, we deal with some properties of maximal curves. 

2. Notations and preliminary 

Let X be a curve defined over Fg with function field Fg(X) and let X be 
its normalization. 
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For every point Q on X we denote by Oq the local ring of X at Q, by 
Mq the maximal ideal of Oq and by degQ = : Fg] the degree of 

Q. _ 

Let Oq be the integral closure of Oq in Fq(X). The degree of singularity 
of Q on X is defined by: 

6q := dimF^ OqIOq. 

We remark that = 0 if and only if Q is a non-singular point. 

Now if we set: 

Sq, 

QeSingX 

with SingX denoting the (finite) set of singular points on X, the arithmetic 
genus tt oi X can be defined as (see Prop. 3 - Chap. IV of [9j): 

TT ■.= g + 5, 

where g is the genus of X (called the geometric genus of X). 

We have obviously tt > g and we have tt = g if and only if V is a smooth 
curve. 


In [2] the authors established some connections between a (singular) curve 
and its normalization, in terms of the number of rational points and the zeta 
function. Firstly they proved: 

( 1 ) |t)V(F,)-t]V(F,)| <7r-5. 


Furthermore they proved that the zeta function Zx{T) of X is the prod¬ 
uct of the zeta function Zj^iT) of X by a polynomial of degree Ax := 
lj(V(Fq)\V(Fq)) <7r — g. More precisely, if u : V —)• X denotes the normal¬ 
ization map, they showed that: 


(2) Zx{T) = Z^{T) n 

PeSingA 




_ jpdegP 




As a consequence they obtained that for all n > 1: 


25 Ax 

i=i j=i 


for some algebraic integers w* of absolute value ^/q and some roots of unity 
Pj in C. 

In particular, they got the inequality: 


(3) \]\X{¥g) - {q + l)\ < gm + TT - g. 

The integer part m = [2y/q] comes from the Serre improvement of the Weil 
bound (see [TO]!. 
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For g and tt non negative integers such that tt > g, we define the quantity 
Nq{g,TT) as the maximum number of rational points over Fg on a curve 
defined over Fg of geometric genus g and arithmetic genus tt. 

We have clearly Nq{g,g) = Nq{g), where Nq{g) is the usual notation for 
the maximum number of rational points over Fg on a smooth curve defined 
over Fg of genus g. If W is a curve defined over Fg of geometric genus g 
and arithmetic genus tt, we obtain from ([T]): tt^(Fg ) < tl-^(lFg) +TT - g < 
Nq{g) + TT — g. Therefore we have the following upper bound for Nq{g, tt): 

Nq{g, tt) < Nq{g) + tt - g = Nq{g) + 6 (B) 

and using the inequality ([3]), we have also: 

Nq{g,TT) < q+l+ gm + TT - g. {A') 

A question naturally arises: 

For which q, g and tt the bounds (B) and {A') are attained? 

In order to answer the question, we are going to construct singular curves 
with prescribed geometric genus g and arithmetic genus vr and having “many” 
rational points. 


3. Curves with prescribed singularities 

Let A be a smooth curve over Fg with function field Fg(A) and let S = 
{Qi,... ,Qs} be a non-empty hnite set of closed points on X. We consider 
the following subring O C Fg(A): 

S 

o=r\OQ.- 

i=l 

The ring O is a finite intersection of discrete valuation rings. It is well known 
(see Prop. 3.2.9 in IB) that O is a semi-local ring, its maximal ideals are 
precisely A/g. := M.q^ Cl O for i = 1,..., s and the fields Oq./M.q. and 
O/Nq^ are isomorphic. Moreover O is a principal ideal domain and therefore 
a Dedekind domain (see Prop. 3.2.10 in IB)- 

Now, let ni,... ,ns be s positive integers, set Af := A/q) ■ ■ -A/q”^ and let 
us consider the subring O' F O defined by: 

(4) 0':=¥q+Af. 

Hence a function in O' takes the same value at the points Qi,... ,Qs. 


We can represent the inclusions with the following diagram: 
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O' 


Proposition 3.1. O' verifies the following properties: 

(1) Frac(O') = Fg(X) and O is the integral closure of O' in¥q{X). 

(2) O' is a local ring with maximal ideal M and residual field O' /M = 
¥g. Moreover M is the conductor of O' in O and, by definition, it 
contains the functions of O' that vanish at the points Qi,... ,Qs- 

(3) OI O' is an ¥g-vector space such that 

S 

dim¥^{0/0') = '^UidegQi - 1. 
i=l 

Proof. Let us prove the first assertion. We know from Prop. 3.2.5 in m 
that Frac(C>) = Fg(^). So it is enough to show that O C Frac(C>'). 

As O is a principal ideal domain, there exists t ^ O such that M = tO. 
So let X G O. We have x = ^ so that x G Frac(C>'). 

The integral closure O' of O' in Fq(A) is given by the intersection of all 
valuation rings of Fg(X) which contain O'. So O' C ni=i ^Qi = Hence 
it is enough to show that there are no other valuation rings that contain O'. 

Let Op be a valuation ring in Fg(Al) different from Oq^ , ■ • ■, Oq^ and let 
• • • ji’Qs be the corresponding valuations. By the Strong Approxi¬ 
mation Theorem (see Prop. 1.6.5 in |11] ) we can find an element x G Fq(A) 
such that vp{x) = —1 and vq^x) = n* for every i = 1,..., s. This implies 
that X G J\f C O' and x ^ Op. We conclude that O' = O. 

We prove now the second assertion. First we show that AA is a maximal 
ideal in O'. We have that O' \ = {a -|- n : a G F* and n G A^}. If M were 

not a maximal ideal, by Zorn’s lemma there would exist a maximal ideal Af 
such that M (3 M' C, O'. Let x / 0 be in (O' \ Af) n Af. So x = a + n, 
where o G F* and n G Af. Hence a = x — n G Af and Af = O', which is a 
contradiction. 

If there existed another maximal ideal in O', by the Going Up Theorem 
(see Th. 5.10 in [I]), it would be the contraction of a maximal ideal in O. 
But for every i = 1,..., s, we have Af C A/g. n O' and, as AA is a maximal 
ideal in O', we have that Af = A/q. H O'. Hence Af is the only maximal ideal 
in O' and thus O' is a local ring. We have obviously O'/Af = Fg. 
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Moreover, as Af is both an ideal of O and the maximal ideal of O', it is 
the conductor of O' in O. 

Let us prove now the third assertion. By the third isomorphism theorem 
of modules we have: 


OjO' ^ 


OjM 


O'IM' 

Furthermore we have an isomorphism of F^-vector spaces: 


OjM 


O 





TLi 


Hence dimp^ O/Af = J2i=i Qi and thus 

S 

dimp^ O jO' = dimp^ O/Af - dimp^ O'/Af = ^ degQj - 1. 

i=l 

□ 


The special case of Proposition 13.II for which S is a singleton {Q} will be 
pivotal in the next section: 


Corollary 3.2. Let Oq be a discrete valuation ring of¥q(X) with maximal 
ideal A4q. Then the ring O'q := ¥q + AAq is a local ring contained in Oq 


such that 


O'q!AAq : Fg =1. Furthermore Oq is the integral closure of O'q 


and Oq/O'q is an ¥q-vector space of dimension degQ — 1. 


Remark 3.3. We remark that the ring O'q, defined as in Corollary 13.21 is 
the biggest (according to inclusion) local ring contained in Oq such that 


O'q/AAq : Fq = 1. In fact, let O be a local ring contained in Oq, with AA 

as maximal ideal, such that fD/AA : Fg] = 1. As O/AA = F^, every element 
a: in O is of the form x = a+m, with a G F^ and m G AA. Thus O = Fg+A4. 
But AA = AAq n O C AAq and hence O C O'q. 


The operations on the valuation rings contained in Fq(A) correspond 
to operations on the points on X: roughly speaking, “glueing” together 
, • • •, Oq^ in the local ring O' corresponds to “glueing” together the 
non-singular closed points Qi,... ,Qs in a singular rational one. In this 
way, starting from a smooth curve X, we define a “glued” curve X' which 
is biregularly equivalent to X except at the “glued” points, and for which 
the “glued” non-singular points are replaced by a singularity of a specific 
degree of singularity. 

Formally: 


Theorem 3.4. Let X he a smooth curve of genus g defined over Fg, let 
Qi,... ,Qs he closed points on X. Let ni,...,ns be positive integers and 
consider the local ring O' defined as in &■ 

Then there exists a curve X' defined over F^, having X as normalization, 
with only one singular point P whose local ring is the prescribed local ring 
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O'. Moreover P is a rational point on X' with a degree of singularity equal 
to deg Qi — 1 and X' has arithmetic genus g + deg Qi — 1. 

Proof. The existence of the curve X' is proved in Th. 5 in [ 8 ] and Prop. 2 
- Chap. IV in [9]. The degree of the singular point, its degree of singularity 
and the arithmetic genus of X' come from Proposition 13.II and the definition 
of the arithmetic genus. □ 

We can remark that, by construction, the curve X' has a number of 
rational points equal to 

^X'{¥q) = (jV(Fg) — ^{Qi,i = 1 ,..., s such that Qi is rational over Fg} + 1. 

Remark 3.5. In the previous theorem we limit ourselves to the construction 
of a curve with only one singularity, but there is nothing preventing us from 
constructing more singularities at the same time, by giving a finite number 
of prescribed local rings, no two of which have a place in common. 

4. Singular curves with many rational points and small 

ARITHMETIC GENUS 

The construction given in the previous section can be used to produce 
singular curves with prescribed geometric genus and arithmetic genus and 
with many rationals points. 

Firstly, we have the following lower bound for the quantity Nq{g,Tr). 

Proposition 4.1. For q a power of a prime, g and tt non negative integers 
such that TT > g we have: 

Nq{g,Tr) > Nq{g). 

Proof. Let X be a smooth curve of genus g defined over Fg with Nq{g) 
rational points and let Q be a rational point on X. Let us consider the local 
ring 

O' - Wq + iMqy-^+K 

By Theorem 13.41 there exists a curve X' defined over Fg, having X as nor¬ 
malization and biregularly equivalent to X except at the point Q, such 
that X' contains a singular point P corresponding to the prescribed local 
ring O'. Hence (|X(Fg) = (|X'(Fg) = Nq{g) and X' has geometric genus 
q and arithmetic genus equal tog-|- 7 r — g-l-l — 1 = 71. It follows that 
Nq{g,7r)>Nq{g). □ 

Now, let us state the following useful result. 

Theorem 4.2. Let X be a smooth curve of genus g defined over¥q. Let tt 
he an integer of the form 


IT = g + 02 + 205 + 304 H-h (n - l)an 
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with 0 < Qi < Bi[X), where Bi[X) is the number of closed points of degree i 
on the curve X. Then there exists a curve X' defined over Fg of arithmetic 
genus vr such that X is the normalization of X' and 

(|X^(Fg) = (jX(Fg) + 02 + as + 04 + • • • + an- 


Proof. Let us take, for every i £ {2,... ,n}, ai closed points Qi\Q 2 \ ■ ■ ■, Qa] 
of degree i on X. We obtain a subset S = {Q^j \ ‘2- < i < n, 1 < j < Oj} of 
cardinality IS"! = 02 + 03 + • • • + On. 

For every Q £ S we set O'q := Fg + A4q and we have, by Corollary 13.21 


that O'q is a local ring with maximal ideal Mq and 0'qIM.q : Fg =1. 
Moreover, Oq is the integral closure of O'q and OqIO'q is an Fg- vector space 
of dimension degQ — 1- 

By Theorem [ 33 ] and Remark [331 we get a curve X' defined over Fg having 
X as its normalization and such that: 


(|X^(Fg) — UX(Fg) + 02 + Os -|- 04 -t- • • • + Un- 

Furthermore: 

T^ = 9+ - 1) =5+ 

2 <i<nl<j<ai 2<2<n 


and thus: 

TT = g+ {i- l)ai- 

2<i<n 


□ 


Remark 4.3. Roughly speaking. Theorem 14.21 shows that we can “trans¬ 
form” a point of degree d on a smooth curve in a singular rational one, 
provided that we increase the value of the arithmetic genus by d— 1. 


Remark 4.4. The construction described in the proof of Theorem 14.21 is 
“optimal”, meaning that it allows us to provide a curve with a large number 
of rational points compared with its arithmetic genus. More precisely, if X 
is a curve defined over Fg of geometric genus g, arithmetic genus vr and with 
N rational points and if X is its normalization, then there exists a curve 
X' constructed as in the proof of Theorem 14.21 of arithmetic genus vr' < vr, 
with N' > N rational points and whose normalization is X . Indeed from 
Remark 13.31 since O'q is the biggest local ring contained in Oq such that 


O'q/Mq : Fg =1, we obtain that every point in S is “replaced” by a 
rational singular one with the smallest possible degree of singularity. 


5. On (i-OPTIMAL CURVES 

We introduce the following terminology, as mentioned in the introduction: 

Definition 5.1. Let X be a curve over Fg of geometric genus g and arith¬ 
metic genus vr. The curve X is said to be: 
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(i) an optimal curve if 

tiX(F,) = iV,(5,7r); 

(ii) a 6-optimal curve if 

mVg)=N,{g)+7r-g = Nq{g)+5- 

(iii) a maximal curve if it attains the bound {A), that is if 

tJX(Fq) = q-\-l-\-gm-\-7r-g. 


Obviously, we have that maximal curves are (5-optimal curves, and 6- 
optimal curves are optimal curves. Moreover, we find again the classical 
definitions of optimal curve and maximal curve when X is smooth. 

Firstly we give some properties of (5-optimal curves. 

Proposition 5.2. Let X be a curve of geometric genus g and arithmetic 
genus vr. If X is 5-optimal then its normalization X is an optimal curve 
and all the singular points are rational with degree of singularity equal to 1. 
Moreover, if v denotes the normalization map and P is a singular point on 
X, then = {Q}, with Q a point of degree 2 on X. Furthermore, we 

have TT-g<B 2 {X) and Zx{T) = Z^(T){1 + Py-P 

Proof. If X was not an optimal curve, that is UX(Fq) < Nq(g), we would 
have ^X{¥q) — f,X{¥q) > tt — g, which is absurd by ([I]). 

Hence we get: 


«X(F,) - ^X{¥q) = 7T-g. 

On the other hand we know from [2] that: 

SX(Fg) - ^X{¥q) < SSingX(Fg) < ^SmgX(¥q) < t: - g 


so that 


tj Sing X(Fg) = tJ Sing X{¥q) = tt - g. 


In particular this means that all singular points on X are rational. 
Moreover as 



PeSingA 

we find that 5p = 1 for all P E SingX. 

Now, let us look at the zeta function of X, which by ([2]) is given by: 



Since in our case 


deg 
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then for every P G SingX, we have v~^{P) = {Q} with degQ = 2 (because 
of the number of rational points on X, we can exclude the possibility for 
which v~^{P) = {Qi,Q 2 } with degQi = degQ 2 = !)• 

In particular, we obtain, firstly, that jjSingX < B 2 {X) which implies 
TT — S' < B 2 {X), and secondly the zeta function of X. □ 

We would like, now, to determine for which values of q, g and tt there 
exist 5-optimal curves. 

Remarking that the last quantity in Theorem 14.21 can be written in the 
form 

ttX(Fg) + vr - s - (03 + 2 o 4 H-h (n - 2 ) 0 ^), 

and considering Remark 14.31 and Proposition 15.21 we find that the only pos¬ 
sibility to obtain a (5-optimal curve is to start from an optimal smooth curve 
of genus g and work only with its points of degree 2: in fact for every point 
of degree 2 that we “transform” in a rational one, the arithmetic genus in¬ 
creases only by 1. In this way we are able to construct a curve for which the 
difference between the number of rational points on it and on its normal¬ 
ization is exactly equal to the difference between the arithmetic genus and 
the geometric one. Obviously we are limited by the fact that the number of 
closed points of degree 2 is finite, “quite little” for an optimal smooth curve 
and even sometimes equal to zero. 

For these reasons we introduce the following notation. Let us denote by 
Xq{g) the set of optimal smooth curves X defined over ¥q of genus g. Let 
B2{Xq{g)) be the maximum number of points of degree 2 on a curve of Xq{g). 

Theorem 5.3. We have: 

Nq{g, tt) = Nq{g)+Tr - g g < < g + B 2 {Xq{g)). 

Proof. Let X be a curve in Xq[g). Let vr be an integer of the form vr = 5 - 1-02 
with 0 < 02 < B 2 {X), where B 2 {X) is the number of closed points of degree 
2 on the curve X. Then, by Theorem 14.21 there exists a curve X' over Fg of 
arithmetic genus vr such that X is the normalization of X' and 

ttX'(Fg) = HW(Fg) + 02 = Nq{g) + 02- 

Thus, for every g < t: < g + B 2 {Xq{g)), we have Nq{g, tt) = Nq{g) + 1 : - g. 
The converse follows by Proposition 15.21 □ 

In the case where 5 = 0, i.e. of rational curves. Theorem 15.31 turns in the 
following corollary: 

Corollary 5.4. We have 

A^g(0,7r) = q+l + i: 

2 

if and only if tt < 

Proof. The number of closed points of degree 2 of is given by i? 2 (P^) = 
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In [5], Fukasawa, Homma and Kim study the rational plane curve B of 
degree q + 1 defined as the image of 

9 (s, t) ^ sH + St'?, E P2. 

2 

They proved that the number of rational points on B over Fg is g +1 + '? 

2 

Since its arithmetic genus is it follows that i? is a maximal curve. It is 

2 

an explicit example of a rational singular curve attaining Ng{0, The 

previous Corollary shows that d-optimal rational curves exist in fact for any 

^ q^—q 
TT < 


For the case of curves of geometric genus 1, it is well-known (see for 
example m ) that the number Nq{\) is either q + 1 + m oi q + m. It is 
g-|-1 -|-m if and only if at least one of the following occurs: p does not divide 
m, or (7 is a square, or q = p. 

Then Theorem 15.31 implies: 


Corollary 5.5. (1) If p does not divide m, or q is a square, or q = p 

we have: 

Nq{l, 7r) = q + l + m + Tr-l 

if and only i/ 1 < vr < 1 -|- +i?-m(m,+i) ^ 

(2) In the other cases we have 

Nq{l, T:)=q + m + -K-l 

if and only if I < tt < 1 + 9 +q+rn{i-m) ^ 

Proof. In the first case, we have that Nq(l) = q + 1 + m. So let X be a 
smooth curve with q + 1 + m rational points. If we denote by uj and Co the 
inverse roots of the numerator of the zeta function of X, then we have: 


(5) ttX(Fg) = q + l + m = q + l — {lo + lo), 


and 

^X{¥q2)=q‘^ + l-{Lo‘^+Co‘^). 

From (j5]) we obtain that lo + Co = —m. Since oo has absolute value y/g, we 
have: co'^ + Co'^ = {io + Co)'^ — 2ioCo = (w -|- Co)'^ — 2\uo\‘^ = m? — 2q, so that the 
number of rational points on X over Fg 2 is (jX(Fg 2 ) = -|- 1 — {mf — 2q). 

In this way we obtain that for every maximal smooth curve of genus 1 the 
number of points of degree 2 is equal to: 


B2{X) 


tJX(Fg2)-ttX(Fg) 

2 


q'^ + q — m{m + 1) 
2 


The conclusion follows from Theorem 15.31 

For the second case, the proof is totally analogous to the previous one. 


□ 


Remark 5.6. We remark that for g = 2, g = 3 or g = 4, as the quan¬ 
tity '? ig equal to 0, there exists no d-optimal curve over Fg of 

geometric genus 1 and arithmetic genus vr > 1. 
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Remark 5.7. We have already seen (Proposition I5.2p that a (5-optimal 
(singular) curve has necessarily an optimal normalization. Nevertheless this 
is not in general true for an optimal singular curve. Let us show this fact 
with an example. 

We consider curves over F 2 of geometric genus 1 and arithmetic genus 3 
and we show firstly that A^" 2 (l, 3) = 6 . Indeed, we have ^' 2 ( 1 , 3) > Al 2 (l) = 5 
by Proposition 14.11 and N2{1,3) < 7 by Corollary 15.51 Let now X be a 
smooth curve of genus 1 over F 2 with exactly 4 rational points (its existence 
is assured by Th. 4.1 in [12j). It is easy to show that such a curve has 3 
points of degree 2. Applying Theorem 14.21 with 02 = 2, we obtain a singular 
curve X' over F 2 of geometric genus 1 and arithmetic genus 3 with 6 rational 
points and X as normalization. So N2{1, 3) = 6 and X' is an example of an 
optimal singular curve whose normalization is not optimal. 

Actually there is no optimal curve over F 2 of geometric genus 1 and arith¬ 
metic genus 3 whose normalization is optimal. This is a consequence of the 
fact that an optimal smooth curve of genus 1 has neither points of degree 2 
nor points of degree 3. 


Finally we focus on the genera and the zeta function of maximal curves 
which form a particular subclass of d-optimal curves. 

We recall that for a maximal smooth curve X defined over Fg, it is known 

from Ihara in | 6 | that if o is a square the genus q of X verifies q < (see 
also Prop. 5.3.3 of [II]). 

Moreover in this case {q square), if LOi,Ldi,... ,ujg,Qg are the inverse roots 
of the numerator of the zeta function Zx{T) of X, then the maximality of 
X with the Riemann hypothesis (|wj| = imply that they are all equal 
to —y/q. Hence one gets: 


(1 + ,/nT)‘^9 



If q is not a square, following an idea of Serre in m, the arithmetic- 
geometric mean inequality gives 



The maximality of X implies that the arithmetic mean equals the geometric 
one, hence we find that uji + oji = —m for all 1 < f < 5 . Thus 


’ {l-T){l-qT) ■ 


The following proposition shows what happens analogously for general 
(i.e. possibly singular) maximal curves. 





ON THE MAXIMUM NUMBER OF RATIONAL POINTS ON SINGULAR CURVES OVER FINITE FIELDS 


Proposition 5.8. If X is a maximal curve defined over Fg of geometric 
genus g, arithmetic genus vr and zeta function Zx{T), then we have: 

/ , + {2g - l)q - gm{m + 1) 

_ y -r 2 

and 

V iqT^ + mT+iy{l + Tr-3 

’ {l-T){l-qT) 

Proof. Let X be a maximal curve over Fg of geometric genus g and arithmetic 
genus vr. By Proposition 15.21 the curve X has a maximal normalization X 
and vr < 5 + B 2 {X). But the number of points of degree 2 is the same for 
all smooth maximal curves of genus g. Indeed, a smooth maximal curve 
over Fg of genus g has, by definition, q + 1 + gm rational points and thus 
the reciprocal roots of the numerator polynomial of its zeta function are 
two complex conjugate numbers oj and w, each one with multiplicity g, such 
that w + £h = —m and ujoj = q. With the same technique as in the proof of 
Corollary 15.51 we obtain: 

^ q^ + - l)q - gm{m + 1) 

which gives the desired inequality involving g, vr and q. 

From Proposition 15.21 and the results on the zeta function of smooth 
maximal curves recalled above, we find directly the form of Zx{T). □ 


This work has been carried out in the framework of the Labex Archimede 
(ANR-ll-LABX-0033) and of the A *MIDEX project (ANR-ll-IDEX-0001- 
02), funded by the “Investissements d’Avenir” Erench Government pro¬ 
gramme managed by the Freneh National Research Agency (ANR). 


References: 


References 

[1] M. F. Atiyah and I. G. Macdonald. Introduction to commutative algebra. Addison- 
Wesley Publishing Co., Reading, Mass.-London-Don Mills, Ont., 1969. 

[2] Yves Aubry and Marc Perret. A Weil theorem for singular curves. In Arithmetic, 
geometry and coding theory (Luminy, 1993), pages 1-7. de Gruyter, Berlin, 1996. 

[3] Yves Aubry and Marc Perret. On the characteristic polynomials of the Frobenius 
endomorphism for projective curves over finite fields. Finite Fields AppL, 10(3):412- 
431, 2004. 

[4] Yves Aubry and Frangois Rodier. Differentially 4-uniform functions. In Arithmetic, 
geometry, cryptography and coding theory 2009, volume 521 of Contemp. Math., pages 
1-8. Amer. Math. Soc., Providence, RI, 2010. 





14 


TOULON,LUMINY AND LUMINY 


[5] Satoru Fukasawa, Masaaki Homma, and Seon Jeong Kim. Rational curves with many 
rational points over a finite field. In Arithmetic, geometry, cryptography and coding 
theory, volume 574 of Contemp. Math., pages 37-48. Amer. Math. Soc., Providence, 
RI, 2012. 

[6] Y. Ihara. Some remarks on the number of rational points of algebraic curves over 
finite fields. J. Fac. Sci. Univ. Tokyo Sect. lA Math., 28:721-724, 1981. 

[7] John B. Little. Algebraic geometry codes from higher dimensional varieties. In Ad¬ 
vances in algebraic geometry codes, volume 5 of Ser. Coding Theory CryptoL, pages 
257-293. World Sci. Publ., Hackensack, NJ, 2008. 

[8] Maxwell Rosenlicht. Equivalence relations on algebraic curves. Ann. of Math. (2), 
56:169-191, 1952. 

[9] Jean-Pierre Serre. Croupes algebriques et corps de classes. Publications de I’institut 
de mathematique de I’universite de Nancago, VII. Hermann, Paris, 1959. 

[10] Jean-Pierre Serre. Sur le nombre des points rationnels d’une courbe algebrique sur 
un corps fini. C. R. Acad. Sci. Paris Ser. I Math., 296(9):397-402, 1983. 

[11] Henning Stichtenoth. Algebraic function fields and codes, volume 254 of Graduate 
Texts in Mathematics. Springer-Verlag, Berlin, second edition, 2009. 

[12] William C. Waterhouse. Abelian varieties over finite helds. Ann. Sci. Ecole Norm. 
Sup. (4), 2:521-560, 1969. 

(Toulon) Institut de Mathematiques de Toulon, Universite de Toulon, France 

(Luminy) Institut de Mathematiques de Marseille, CNRS-UMR 7373, Aix- 

Marseille Universite, France 

E-mail address: yves.aubry@univ-tln.fr 

(Luminy) Institut de Mathematiques de Marseille, CNRS-UMR 7373, Aix- 

Marseille Universite, France 

E-mail address: annainaria.iezzi@univ-ainu.fr 



